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Abstract
We describe a solution-generating technique that will map a static charged solution
of the Einstein-Maxwell theory in four (or five) dimensions to a five-dimensional so-
lution of the Einstein-Maxwell-Dilaton theory. As examples of this technique first we
show first how to construct the dilatonic version of the Reissner-Nordstro¨m solution in
five dimensions and then we consider the more general case of the double black hole
solutions and describe some of their properties. We found that in the general case the
value of the conical singularities in between the black holes is affected by the dilaton’s
coupling constant to the gauge field and only in the particular case when all charges
are proportional to the masses this dependence cancels out.
1E-mail: cristian.stelea@outlook.com
1 Introduction
One of the most important predictions of General Relativity is the existence of black holes.
Generally speaking, these are regions of spacetime where gravity is so strong that nothing
can escape its grasp once it crossed the black hole event horizon. Black holes can be formed
by gravitational collapse of massive stars and there is by now compelling evidence that
such objects exist in the Universe (see for instance [1] - [4] and also [5], [6] and references
therein). One of the most interesting property of the black hole physics in four dimensions
is the so-called ‘no hair’ theorem (for a review see [7]), which basically states that all regular
asymptotically flat solutions of the Einstein-Maxwell (EM) equations are uniquely deter-
mined by their conserved asymptotic charges (such as mass, angular momentum and electric
(magnetic) charges) and, moreover, they are included in the Kerr-Newman class of solutions.
Recently, it was realized that higher than four dimensions black holes exhibit a much
richer structure than their four-dimensional counterparts (see for reviews [8],[9]). For in-
stance, while in four dimensions a black hole can have only spherical topology of the event
horizon [10], in higher dimensions black holes can have nontrivial horizon topologies. The
most important example was provided in five dimensions by the black ring solution discov-
ered by Emparan and Reall [11] (for a review see [12]), which has the S2 × S1 topology of
the event horizon. Furthermore, the black ring solution can carry (in certain conditions) the
same amount of mass and angular momenta as the five dimensional Myers-Perry spherical
black hole [13]. In consequence, in higher than four dimensions it is no longer true that sta-
tionary black holes are uniquely specified by their conserved charges at infinity. Using the
inverse-scattering technique a more general solution describing a rotating black ring, with
rotation not only along S1 but also along the azimuthal direction of S2 of the ring horizon has
been presented in [14, 15] and demanding the absence of the conical singularities it reduces
to the balanced rotating black ring found by Pomeransky and Senkov [16]. This solution
generalized the black rings found in [17, 18], which had rotation only along the azimuthal
direction of S2. Following the discovery of the rotating black ring, its generalization to black
Saturn [19] and multi-black rings have been found in five dimensions [20] - [23].
Charged configurations of such objects have also been considered in literature: the black
rings with electric charge has been studied in [24], while charged rings in string theory and
supergravity have been considered in [25] - [31].1 While the construction of vacuum multi-
black hole solutions can be accomplished by using the inverse-scattering technique, solutions
describing general charged multi-black hole configurations are more difficult to derive. This
happens since the known solution generating methods generically lead to charged solutions
having all charges proportional to the masses and, therefore, they cannot describe the most
general solutions for which the individual charges and masses are independent parameters.
Recently, a new solution generating technique has been proposed in [39] and it was used
to construct asymptotically flat solutions describing a general double-Reissner-Nordstro¨m
solution, a charged black Saturn as well as the charged double ring solutions [40]. In or-
der to construct multi-black hole configurations in spaces with Kaluza-Klein asymptotics it
turns out that one has to modify this solution-generating technique as in [41]. The double-
Reissner-Nordstro¨m solution in this background has been constructed in [41], while more
1Other general charged solutions in presence of dilaton fields were studied in [32] - [38].
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general solutions with Kaluza-Klein asymptotics have been derived in [42]. Finally, solu-
tions describing charged black holes on the Taub-bolt instanton have been studied in [43],
[44], while charged multi-black holes on Kaluza-Klein bubbles have been derived in [45].
One should note that even if the final solutions obtained using the solution-generating
techniques in [39] and [41] are solutions of the full Einstein-Maxwell-Dilaton field equations,
with arbitrary coupling of the dilaton to the Maxwell field, in the above mentioned papers
only the Einstein-Maxwell solutions have been discussed. However, when one considers the
full solutions of the EMD system, that is when one turns on the dilaton field and its coupling
to the Maxwell field, their interpretation as describing charged multi-black hole solutions is
not the correct one unless one considers the extremally charged cases. The basic reason is
that for a black hole horizon the gtt metric coefficient should have a single zero at the location
of a black hole horizon, while in presence of the dilaton field, when the coupling constant to
the Maxwell field is nonzero, the horizon location is a multiple root2 and therefore it cannot
describe the location of a black hole horizon except for the extremal case.
In this paper we try to remedy this situation by presenting a modification of the above
solution-generating method, which will allow us to derive the general static charged multi-
black hole solutions in asymptotically flat backgrounds, in the five-dimensional Einstein-
Maxwell-Dilaton theory, with arbitrary coupling of the dilaton to the Maxwell field.
The structure of our paper is as follows: in the next section we present the solution
generating technique that will connect a static solution of the Einstein-Maxwell theory to a
solution of the Einstein-Maxwell-Dilaton theory in five dimensions, with arbitrary coupling
of the dilaton to the Maxwell field. In Section 2.1 we present the generation of the dilatonic
Reissner-Nordstro¨m solution in five dimensions as an example of this technique. In Section
3 we construct the proper dilatonic generalization of the double black hole system, such as
the double Reissner-Nordstro¨m solution and the dilatonic black Saturn and describe some of
their properties. The final section is dedicated to conclusions and avenues for further work.
2 The solution generating technique in five dimensions
In this section we develop a new solution-generating technique that will map a general static
solution of the Einstein-Maxwell equations in five dimensions to a five-dimensional solution
of the EMD theory with arbitrary coupling of the dilaton to the electromagnetic field. To
this end, we start with the five-dimensional Lagrangean of the EMD theory, which describes
gravity coupled to a dilaton field φ and a 2-form field strength F(2):
L(5)EMD =
√−g
[
R− 1
2
(∂φ)2 − 1
4
eaφF 2(2)
]
, (1)
where F(2) = dA(1), while A(1) = ωdt is the electromagnetic potential. At this point we
assume that the metric and the matter fields are time-independent and the metric belongs
to the generalized Weyl class of metrics [46]. Let us perform now a Kaluza-Klein reduction
along the time direction using the metric ansatz:
ds2(5)EMD = −e−
2φ1√
3 dt2 + e
φ1√
3ds2(4)EMD. (2)
2We thank Gavin Hartnett for pointing this out.
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The metric ds2(4)EMD is then a solution of the equations of motion derived from the dimen-
sionally reduced Lagrangean:
L(4)EMD =
√−g(4)
[
R− 1
2
(∂φ1)
2 − 1
2
(∂φ)2 +
1
2
e
aφ+
2φ1√
3 (∂ω)2
]
. (3)
Consider now a further dimensional reduction along the χ-coordinate using the metric ansatz:
ds(4)EMD = e
−φ2dχ2 + eφ2ds2(3)EMD, (4)
which is a solution of the equations of motion described the dimensionaly reduced La-
grangean:
L(3)EMD =
√−g(3)
[
R − 1
2
(∂φ1)
2 − 1
2
(∂φ2)
2 − 1
2
(∂φ)2 +
1
2
e
aφ+
2φ1√
3 (∂ω)2
]
. (5)
Let us perform now the following field redefinitions:
ψ1 = φ1 +
a
√
3
2
φ, ψ2 = −a
√
3
2
φ1 + φ, ψ3 =
√
4 + 3a2
4
φ2, ω1 =
√
4 + 3a2
4
ω. (6)
Then the matter-only part of the Lagrangean (5) becomes:
LmatterEMD =
4
4 + 3a2
[
− 1
2
(∂ψ1)
2 − 1
2
(∂ψ2)
2 − 1
2
(∂ψ3)
2 +
1
2
e
2ψ1√
3 (∂ω1)
2
]
. (7)
Consider now the general static solution of the Einstein-Maxwell theory in five dimensions
found previously in [39], which was derived starting from a similar four-dimensional solution
of the Einstein-Maxwell theory. In the most general form, it can be written as:3
ds25 = −fdt2 + f−
1
2
[
e2hdχ2 + e−2h
[
e3λ/2+2γ(dρ2 + dz2) + ρ2dϕ2
]]
,
At = ω0. (8)
Here h is an arbitrary harmonic function4, while its backreaction in the metric is taken care
by means of the function γ, which satisfies:
∂ργ = ρ[(∂ρh)
2 − (∂zh)2], ∂zγ = 2ρ(∂ρh)(∂zh). (9)
Recall now that the solution (8) was derived in [39] starting from a seed-solution of the
Einstein-Maxwell theory in four dimensions, which had the following form:
ds24 = −fdt2 + f−1
[
e2λ(dρ2 + dz2) + ρ2dϕ2
]
,
A(1) =
2√
3
ω0dt. (10)
3We refer the reader to [39] for more details.
4That is, it satisfies the equation ∇2h = ∂2h
∂ρ2
+ 1
ρ
∂h
∂ρ
+ ∂
2h
∂z2
= 0.
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Performing now two dimensional reductions, first along the timelike direction t, then along
the χ coordinate, one obtains the following three-dimensional metric
ds2(3)EM = e
3λ
2
+2γ(dρ2 + dz2) + ρ2dϕ2, (11)
which is a solution of the field equations derived from the following dimensionally reduced
Lagrangean:
Lmatter(3)EM = −
1
2
(∂ϕ1)
2 − 1
2
(∂ϕ2)
2 +
1
2
e
2ϕ1√
3 (∂ω0)
2, (12)
where we defined the fields:
e
−
ϕ1√
3 = f, ϕ2 = −2h. (13)
Since the matter Lagrangean of the EMD theory has three scalar fields, one should simply
add a new scalar field ϕ3 to (12)
5
Lmatter(3)EM = −
1
2
(∂ϕ1)
2 − 1
2
(∂ϕ2)
2 − 1
2
(∂ϕ3)
2 +
1
2
e
2ϕ1√
3 (∂ω0)
2 (14)
and also modify the metric (11) by including a function τ to accommodate its backreaction
in the Einstein equations:
ds2(3)EM = e
3λ+τ
2
+2γ(dρ2 + dz2) + ρ2dϕ2. (15)
Here the function ν satisfies the equations:
∂ρτ = ρ[(∂ρϕ3)
2 − (∂zϕ3)2], ∂zτ = 2ρ(∂ρϕ3)(∂zϕ3). (16)
Noting now that the matter-only parts of the two dimensionally reduced Lagrangeans of
the two theories have the same functional form, up to a proportionality constant, in order to
match the solutions of their equations of motion when coupled to gravity we have to further
modify the three-dimensional geometry (15) such that its Ricci tensor is also rescaled by the
constant factor 4
4+3a2
. In consequence, if one performs the following identifications:
ψ1 = ϕ1, ψ2 = ϕ2, ψ3 = ϕ3, ω1 = ω0 (17)
then the three-dimensional metric:
ds2(3)EMD =
(
e
3λ+τ
2
+2γ
) 4
4+3a2
(dρ2 + dz2) + ρ2dϕ2 (18)
will provide us with a solution of the equations of motion derived from the Lagrangean (7).
We have now all the necessary ingredients to reconstruct the final five-dimensional solution
of the EMD theory.
5Note that ϕ3 is a harmonic function, according to its equations of motion derived from (14).
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To summarize our results: starting with the general solution given in (8) (or the seed
(10)), then the final EMD solution can be written as:
ds2 = − f
4
3a2+4
(e2h)
4a
3a2+4
dt2 + f
−
2
3a2+4
(
e2h
) 2a
3a2+4
[
e2Hdχ2 +
+e−2H
[
e
6λ
4+3a2
+2τ+2γ 4
4+3a2 (dρ2 + dz2) + ρ2dϕ2
]]
,
eφ = f
−
3a
3a2+4
(
e−2h
) 4
3a2+4 , A(1) = ωdt, (19)
where:
ω =
√
4
3a2 + 4
ω0 (20)
In this final solution the functions h and H are arbitrary harmonic functions, while the
functions γ and τ satisfy respectively the equations (9) and:
∂ρτ = ρ[(∂ρH)
2 − (∂zH)2], ∂zτ = 2ρ(∂ρH)(∂zH). (21)
In writing the final solution, for further convenience we have redefined the harmonic
function ϕ3 = −
√
3a2 + 4H and rescaled the function τ in order to satisfy the relations (21).
Note that we have obtained a more general solution than the one previously derived in
[39]. As a check of our solution generating technique, if one takes the coupling constant to
zero a = 0, then the dilaton field φ decouples from the Maxwell field and its backreaction in
the metric is taken into account by means of the function µ. In order to recover the initial
solution of the Einstein-Maxwell theory one has to take the arbitrary harmonic function
h = 0, which leads to µ = 0 and one obtains the solution (8), as expected.
2.1 The dilatonic Reissner-Nordstro¨m solution in five dimensions
Our starting point will be the four-dimensional Reissner-Nordstro¨m solution, which is written
in Weyl form as [47]:
ds2 = −fdt2 + f−1[e2λ(dρ2 + dz2) + ρ2dϕ2], (22)
ω0 = − 4q
r1 + r2 + 2m
, f =
(r1 + r2)
2 − 4σ2
(r1 + r2 + 2m)2
, e2λ =
(r1 + r2)
2 − 4σ2
4r1r2
,
where
r1 =
√
ρ2 + (z − σ)2, r2 =
√
ρ2 + (z + σ)2. (23)
Note that σ =
√
m2 − q2, while m denotes the mass and q is the electric charge.
Applying the solution-generating technique from the previous section one arrives at (19)
where now:
ω = −
√
4
3a2 + 4
2
√
3q
r1 + r2 + 2m
. (24)
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So far we have kept the harmonic functions h and H arbitrary. In order to construct the
dilatonic Reissner-Nordstro¨m solution one has to make some educated guess regarding their
form. Note thatH can alter the metric only along the spacelike directions and its form can be
carefully chosen in order to impose that the background geometry becomes asymptotically
flat. Since its form is not affected by the presence of the dilaton field, we shall use the
harmonic function used to construct the five-dimensional Reissner-Nordstro¨m solution in
the EM theory [39]:
e2H = (r2 + (z + σ))
(
r1 + (z − σ)
r2 + (z + σ)
) 1
2
= [(r2 + ζ2)(r1 + ζ1)]
1
2 , (25)
and we can now find τ from (16):6
e2τ =
[(r2 + ζ2)(r1 + ζ1)]
1
2
[8r1r2Y12]
1
4
. (26)
where ζ1 = z − σ, ζ2 = z + σ and Y12 = r1r2 + ζ1ζ2 + ρ2. The first factor in e2h moves the
semi-infinite rod z < −σ from the ϕ direction to the χ direction, while the second factor
corresponds to a ‘correction’ of the black hole horizon. Once we identified the black hole
‘correction’ factor we can finally guess the form of the remaining harmonic function h:
e2h =
(
r1 + (z − σ)
r2 + (z + σ)
)
−
3a
4
(27)
and integrate (9) to obtain:
e2γ =
(
Y12
2r1r2
) 9a2
16
≡ (e2λ) 9a216 . (28)
Also, one should note the identity 2Y12 = (r1+ r2)
2− 4σ2. We are now ready to re-assemble
the final solution in five dimensions. To simplify the computations, let us first recast the
general solution in the following form:
ds2 = − f
F 2a
dt2 + F af−
1
2
[
e2Hdχ2 + e−2H
[
e
3λ
2
+2τ (dρ2 + dz2) + ρ2dϕ2
]]
,
eφ =
1
F 2
, ω = −
√
4
3a2 + 4
2
√
3q
r1 + r2 + 2m
, (29)
where we defined:
F =
(
f
r2 + ζ2
r1 + ζ1
) 3a
3a2+4
. (30)
6Note that e2τ and eµ are defined up to a multiplicative constant and in the followings we have chosen
these constants for further convenience.
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Finally, in order to show that the generated solution is indeed the dilatonic Reissner-
Nordstro¨m solution in five dimensions we have to convert it from cylindrical coordinates
(ρ, z) to polar coordinates (r, θ) by using the relations [46]:
ρ2 = r2(r2 − 4σ) sin2 θ cos2 θ, z = 1
2
(r2 − 2σ) cos 2θ. (31)
We obtain:
ds25 = −
r2(r2 − 4σ)
(r2 + 2(m− σ))2
dt2
F 2a
+ F a
r2 + 2(m− σ)
r2
( r2
r2 − 4σdr
2 + r2(dθ2 + sin2 θdϕ2 + cos2 θdχ2)
)
eφ = F−2, ω = −
√
4
3a2 + 4
2
√
3
√
m2 − σ2
r2 + 2(m− σ) , (32)
where
F =
(
r1 + r2 + 2σ
r1 + r2 + 2m
) 6a
3a2+4
=
(
r2
r2 + 2(m− σ)
) 6a
3a2+4
, (33)
which is indeed the five-dimensional dilatonic Reissner-Nordstro¨m solution of the EMD the-
ory with arbitrary coupling of the dilaton to the Maxwell field.
3 The asymptotically flat dilatonic double-Reissner-
Nordstro¨m solutions in five dimensions
According to the solution-generating method from Section 2, we shall start now from the
four-dimensional double-Reissner-Nordstro¨m solution of the Einstein-Maxwell theory, in the
parameterization given recently by Manko in [48]:
ds2 = −fdt2 + f−1[e2λ(dρ2 + dz2) + ρ2dϕ2], A(1) = Ψdt, (34)
Here
f =
A2 − B2 + C2
(A+B)2
, e2λ =
A2 − B2 + C2
16σ21σ
2
2(ν + 2k)
2r1r2r3r4
, Ψ = − 2C
A +B
, (35)
where:
A = σ1σ2[ν(r1 + r2)(r3 + r4) + 4k(r1r2 + r3r4)]− (µ2ν − 2k2)(r1 − r2)(r3 − r4),
B = 2σ1σ2[(νM1 + 2kM2)(r1 + r2) + (νM2 + 2kM1)(r3 + r4)]
−2σ1[νµ(Q2 + µ) + 2k(RM2 + µQ1 − µ2)](r1 − r2)
−2σ2[νµ(Q1 − µ)− 2k(RM1 − µQ2 − µ2)](r3 − r4),
C = 2σ1σ2{[ν(Q1 − µ) + 2k(Q2 + µ)](r1 + r2) + [ν(Q2 + µ) + 2k(Q1 − µ)](r3 + r4)}
−2σ1[µνM2 + 2k(µM1 +RQ2 + µR)](r1 − r2)
−2σ2[µνM1 + 2k(µM2 −RQ1 + µR)](r3 − r4), (36)
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with constants:
ν = R2 − σ21 − σ22 + 2µ2, k =M1M2 − (Q1 − µ)(Q2 + µ),
σ21 = M
2
1 −Q21 + 2µQ1, σ22 =M22 −Q22 − 2µQ2, µ =
M2Q1 −M1Q2
M1 +M2 +R
, (37)
while ri =
√
ρ2 + ζ2i , for i = 1..4, with:
ζ1 = z − R
2
− σ2, ζ2 = z − R
2
+ σ2, ζ3 = z +
R
2
− σ1, ζ4 = z + R
2
+ σ1. (38)
This solution describes the superposition of two Reissner-Nordstro¨m black holes in four
dimensions and it is parameterized by five independent parameters, which correspond to
the physical values of the electric charges Q1,2, masses M1,2 of the two black holes, while R
describes the coordinate distance separating the two black hole horizons on the axis. For
a more detailed discussion of the properties of this solution we refer the interested reader
to [49]. In general, the function e2λ can be determined up to a constant and its precise
numerical value has been fixed here by allowing the presence of conical singularities only in
the portion in between the black holes along the ϕ axis. Consequently one has:
e2λ|ρ=0 =
(
ν − 2k
ν + 2k
)2
, (39)
for −R/2 + σ1 < z < R/2− σ2 and e2λ|ρ=0 = 1 elsewhere.
Before we apply the solution generating technique from Section 2, for further convenience,
let us perform first a rescalling of the harmonic function of the form h → −3a
2
h, which
amounts to a rescalling of γ → 9a2
4
γ, such that the final EMD solution can be written in the
following form:
ds2 = − f
4
3a2+4
(e2h)
−
6a2
3a2+4
dt2 + f
−
2
3a2+4
(
e2h
)
−
3a2
3a2+4
[
e2Hdχ2 +
+e−2H
[
e
6λ
3a2+4
+2τ+2γ 9a
2
3a2+4 (dρ2 + dz2) + ρ2dϕ2
]]
,
eφ = f
−
3a
3a2+4
(
e2h
)
−
6a
3a2+4 , A(1) = ωdt, (40)
where
ω = −
√
12
3a2 + 4
C
A +B
. (41)
It is now obvious that if one takes the coupling constant a = 0 then one recovers the EM
solution discussed in [39]. As in the dilatonic single black hole from the previous section, we
have to chose carefully the form of the two harmonic functions h and H in order to ensure
that the final solution describes a system of two dilatonic black holes in five dimensions.
We shall discuss two specific choices for such functions: the first will describe the dilatonic
generalization of two spherical black holes, while the second choice will describe the dila-
tonic generalization of the black saturn solution from [39], that is of a spherical black hole
surrounded by a black ring.
9
3.1 The dilatonic double-Reissner-Nordstro¨m solution
Based on the experience with the single spherical black hole, we shall pick the following form
of the harmonic function H :
e2H =
√
(r1 + ζ1)(r2 + ζ2)(r3 + ζ3)(r4 + ζ4)
r0 + ζ0
, (42)
where we denote ri =
√
ρ2 + ζ2i and ζi = z − ai for i = 0..4, ai can be read from (38) and
a0 = 0. With this choice one can integrate (21) to obtain:
e2τ−2H =
1
K0r0
(Y01Y02Y03Y04)
1
2
(r1r2r3r4Y12Y13Y14Y23Y24Y34)
1
4
(43)
Here K0 is an arbitrary constant whose value will be fixed later on, and Yij = rirj+ζiζj+ρ
2.
Taking into account the ‘correction’ factor for each black hole horizon one can finally pick
the second harmonic function to be of the form:
e2h =
√
(r1 + ζ1)(r3 + ζ3)
(r2 + ζ2)(r4 + ζ4)
. (44)
One easily integrates (9) to find:
e2γ =
(
Y12Y14Y23Y34
4r1r2r3r4Y13Y24
) 1
4
, (45)
Let us consider now the rod structure of this solution. Following the procedure from [50],
let us note that one has five turning points such that ai, i = 0..4 coincide with the turning
points of the seed solution (34), while the fifth is a0 = 0. They divide the z-axis into six
rods, which can be described in the following way, specifying the rod direction vectors with
respect to a basis of Killing fields { ∂
∂t
, ∂
∂φ
, ∂
∂χ
}, and normalizing them to the surface gravity
of each fixed point set:
• Rod 1 - For z < a4 one has a semi-infinite spacelike rod with normalized direction
l1 =
√
2
√
2
K0
(0, 0, 1). (46)
• Rod 2 - For a4 < z < a3 one has a finite timelike rod that corresponds to a black
hole horizon with S3 topology. Its normalized rod direction is given by l2 =
1
k1
H
(1, 0, 0),
where
k1H =
√
K0
2
√
2
p1
[ (
ρf−1eλ
) |H1
]
−
3
3a2+4
P
9a2
3a2+4
1 (47)
is the surface gravity on the black hole horizon represented by this rod.
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• Rod 3 - For a3 < z < a0 one has a finite spacelike rod with normalized direction
l3 =
1
k1
(0, 1, 0), where
k1 =
1
2
√
K0
2
√
2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
3a2+4
(
(R2 − 4σ21)2
((R + σ2)2 − σ21)((R− σ2)2 − σ21)
) 1
4
(
R2 − (σ1 − σ2)2
R2 − (σ1 + σ2)2
) 9a2
4(3a2+4)
(48)
• Rod 4 - For a0 < z < a2 one has again a finite spacelike rod, this time with normalized
direction l4 =
1
k2
(0, 0, 1), where
k2 =
1
2
√
K0
2
√
2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
3a2+4
(
(R2 − 4σ22)2
((R + σ1)2 − σ22)((R− σ1)2 − σ22)
) 1
4
(
R2 − (σ1 − σ2)2
R2 − (σ1 + σ2)2
) 9a2
4(3a2+4)
(49)
• Rod 5 - For a2 < z < a1 one has a finite timelike rod, corresponding to a second
black hole horizon with S3 topology. Its normalized rod direction is found to be
l4 =
1
k2
H
(1, 0, 0), where
k2H =
√
K0
2
√
2
p2
[ (
ρf−1eλ
) |H2
]
−
3
3a2+4
P
9a2
3a2+4
2 (50)
is the surface gravity of the black hole horizon corresponding to this rod.
• Rod 6 - for z > a1 one has a semi-infinite spacelike rod with normalized direction
l6 =
√
2
√
2
K0
(0, 1, 0). (51)
Here we defined the following quantities:
p1 =
(
4σ1
[
(R + σ1)
2 − σ22
]
(R + 2σ1)2
) 1
4
, p2 =
(
4σ2
[
(R + σ2)
2 − σ21
]
(R + 2σ2)2
) 1
4
, (52)
which appear in the following expansions on each black hole horizon:
ρ
1
2 e2τ−2H =
2
√
2
K0
1
p2i
. (53)
Similarly, the constants:
P1 =
(
R + σ1 − σ2
4σ1(R + σ1 + σ2)
) 1
4
, P2 =
(
R + σ2 − σ1
4σ2(R + σ1 + σ2)
) 1
4
, (54)
appear when expanding on each black hole horizon the expressions:
ρ
1
2 e2γ−2h =
1
P 2i
(55)
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Finally, for each black hole horizon one has [49]:
(
ρf−1eλ
) |H1 =
[
(R +M1 +M2)(M1 + σ1)−Q1(Q1 +Q2)
]2
σ1[(R + σ1)2 − σ22 ]
,
(
ρf−1eλ
) |H2 =
[
(R +M1 +M2)(M2 + σ2)−Q2(Q1 +Q2)
]2
σ2[(R + σ2)2 − σ21 ]
. (56)
It should be obvious now that the integration constant K0 should be chosen equal to 2
√
2
in order for the solution to be asymptotically flat. It is then clear that with these choices
one obtains the proper dilatonic generalization of the double-Reissner-Nordstro¨m solution in
five dimensions. This solution is described by five dimensionfull parameters, which roughly
correspond to the masses M1,2 and the charges Q1,2 for each black hole and the coordinate
distance R along the z-axis, between their horizons. Certain restrictions have to imposed on
these parameters to ensure that conical singularities do not occur. In our case, it turns out
that the system will be in equilibrium iff the conditions k1 = 1 and k2 = 1 are satisfied. The
effect of the dilaton field is taken into account by the presence of the coupling constant a
in these expressions. Unlike the Einstein-Maxwell case considered in [39], apriori one could
hope that one could tune in the value of this extra parameter to satisfy these conditions,
however we have been unable to find physically meaningful values of the parameters for which
this happens (even in the extremally charged cases). In particular, the physical conditions
that we asked were that the masses of the two black holes are positive Mi > 0 and also the
condition that the two black hole horizons do not overlap R > σ1 + σ2.
3.2 The dilatonic Black Saturn
In order to construct a Black Saturn system consisting of a black ring with a spherical black
hole in its center one should pick the following harmonic function:
e2H =
√
(r1 + ζ1)(r3 + ζ3)(r4 + ζ4)
(r2 + ζ2)
. (57)
One can easily integrate (21) to find:
e2τ−2H =
1
K0
(
Y12Y23Y24
r1r2r3r4Y13Y14Y34
) 1
4
, (58)
where K0 is a constant to be fixed later. Since the harmonic function h contains only the
‘corrections’ associated with each black hole horizon, the appropriate choice turns out to be
again that from (44).
The rod structure of this solution can be constructed using the same procedure from the
dilatonic double Reissner-Nordstro¨m case. One has now four turning points, that divide the
z-axis into five rods, as follows:
• Rod 1 - For z < a4 one has a semi-infinite spacelike rod with normalized direction
l1 =
√
2
K0
(0, 0, 1). (59)
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• Rod 2 - For a4 < z < a3 one has a finite timelike rod that corresponds to a black
hole horizon with S3 topology. Its normalized rod direction is given by l2 =
1
k1
H
(1, 0, 0),
where
k1H =
√
K0
2
p1
[ (
ρf−1eλ
) |H1
]
−
3
3a2+4
P
9a2
3a2+4
1 (60)
is the surface gravity on the black hole horizon represented by this rod.
• Rod 3 - For a3 < z < a2 one has a finite spacelike rod with normalized direction
l3 =
1
k3
(0, 1, 0), where
k3 =
√
K0
2
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
3a2+4
(
(R + σ2)
2 − σ21
(R− σ2)2 − σ21
) 1
4
(
R2 − (σ1 − σ2)2
R2 − (σ1 + σ2)2
) 9a2
4(3a2+4)
(61)
• Rod 4 - For a2 < z < a1 one has a finite timelike rod, corresponding to a black
ring horizon, with S1 × S2 topology. Its normalized rod direction is found to be
l4 =
1
k2
H
(1, 0, 0), where
k2H =
√
K0
2
p2
[ (
ρf−1eλ
) |H2
]
−
3
3a2+4
P
9a2
3a2+4
2 (62)
is the surface gravity of the black hole horizon corresponding to this rod.
• Rod 5 - for z > a1 one has a semi-infinite spacelike rod with normalized direction
l5 =
√
2
K0
(0, 1, 0). (63)
Here the constants pi are defined by:
p1 =
(
4σ1(R + σ1 + σ2)
(R + σ1 − σ2
) 1
4
, p2 =
(
(R + σ2)
2 − σ21
σ2
) 1
4
, (64)
which appear in the following expansions of the metric functions e2τ−2H on each black hole
horizon:
ρ
1
2 e2τ−2H =
2
K0
1
p2i
. (65)
Similarly, the constants Pi have the same values as in (54) and they appear in the expansions
(55) on each black hole horizon. In order for this solution to be asymptotically flat one has
to pick the value of the constant K0 = 2.
This solution is parameterized by five independent parameters that correspond physically
to the masses and charges of the black hole that sits in the center of a black ring, while R
corresponds roughly to the ring radius. To ensure that conical singularities do not occur in
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this solution one has to impose certain restrictions on the vales of these parameters. For the
dilatonic Black Saturn, there will be no conical singularities in between the black ring and
the black hole if the condition k3 = 1 is satisfied, that is:
∣∣∣∣ν + 2kν − 2k
∣∣∣∣
3
3a2+4
(
(R + σ2)
2 − σ21
(R− σ2)2 − σ21
) 1
4
(
R2 − (σ1 − σ2)2
R2 − (σ1 + σ2)2
) 9a2
4(3a2+4)
= 1. (66)
In absence of the dilaton, when a = 0 is it easy to see that one recovers the equilibrium
condition for the Black Saturn in the Einstein-Maxwell theory, found previously in [39]. We
performed a numerical analysis of this equation searching for various values of the parameters
describing non-extremal congurations. Although a systematic analysis of this issue is beyond
the purpose of this paper, we were so far unable to find reasonable values of the parameters
to describe dilatonic black saturns in equilibrium. Let us notice that one could satisfy this
conditions for extremal objects, however the price to pay is that the horizon of the black
rings becomes a naked singularity.
It is also instructive to compare our general Black Saturn solution to the dilatonic solution
that can be constructed starting from a static vacuum Black Saturn.7 In the second case
the generated charges Qi of the two black holes are proportional to their masses Qi = δMi.
However, unlike in our more general solution, the coupling constant a of the dilaton to the
electromagnetic field has no influence on the presence of the conical singularities in that
particular solution. As a consistency check of our more general easy to check that if the
charges are proportional to the masses this happens in our more general solution as well. To
see this, let us notice that for Qi = δMi one obtains:
σi =
√
1− δ2Mi, µ = 0, ν = R2 − (M21 +M22 )(1 + δ2), k =M1M2(1− δ2). (67)
Replacing these values in (66) one obtains:
k3 =
(
(R +M2
√
1− δ2)2 −M21 (1− δ2)2
(R−M2
√
1− δ2)2 −M21 (1− δ2)2
) 1
4
(
R2 − (M1 −M2)2(1 + δ2)
R2 − (M1 +M2)2(1 + δ2)
) 3
4
, (68)
which shows that indeed the dilaton coupling constant makes no appearance in the conical
singularity condition.
3.3 Some properties of the new solutions
By construction, our solutions are asymptotically flat, as can be also be seen from their rod
structure. Then the total mass and the total charge can be computed in the asymptotic
region, which is reached by first performing the coordinate transformations:
ρ =
r2
2
sin 2θ, z =
r2
2
cos 2θ (69)
7See for instance the solution with c = 0 in equation (39) in [42], which was based on the general Harisson
transformation in [51].
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then taking the r → ∞ limit. The easiest mode to compute the conserved charges such
as the total mass M, total charge Q and the dilaton charge Σ is by using the asymptotic
behavior of the metric, electromagnetic potential and the dilaton function:
gtt = −1 + 8M
3pi
1
r2
+ ...,
At =
4Q
pi
1
r2
+ ...,
φ =
4Σ
pi
1
r2
+ ..., (70)
One obtains the following conserved charges:
M = 3pi
4
1
3a2 + 4
[
8(M1 +M2) + 3a
2(σ1 + σ2)
]
,
Q = pi
2
√
12
3a2 + 4
(Q1 +Q2),
Σ = 6pi
a
3a2 + 4
[
M1 +M2 − 2(σ1 + σ2)
]
. (71)
The total charge receive contributions Qi = pi2
√
12
3a2+4
Qi from each black hole. Note that
if the coupling constant a = 0 then these expressions reduce to those previously found in
literature. One can also compute the electric potential for each black hole horizon ΦiH =
−At|H:
ΦiH =
√
12
3a2 + 4
(
Mi − σi
Qi
)
. (72)
Finally, for each black hole one can evaluate its horizon area:
AreaiH = 8pi
2σi(ρf
−1eλ)
3
3a2+4 (ρ
1
2 e2τ−2H)
1
2 (ρ
1
2 e2γ−2h)
9a2
2(3a2+4) ≡ 8pi
2σi
kiH
, (73)
where kiH represent the surface gravities for each horizons, as calculated in the rod structure
for our solutions. Then the entropy of each horizon can be easily computed as Si = Area
i
H/4.
The Hawking temperatures for each black hole can also be expressed in terms of the surface
gravity using the usual formula Ti =
kiH
2pi
and one recovers the simple relation:
SiTi = piσi. (74)
One is now ready to verify that the Smarr relation is satisfied, as expected:
2
3
M = S1T1 + S2T2 + 2
3
(ΦiHQ1 + ΦiHQ2). (75)
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4 Conclusions
In the present paper we presented a new solution generating technique, which is a generaliza-
tion of the one previously presented in [39]. This new method leads to new and more general
solutions of the EMD theory in five dimensions. Unlike the previous known solution generat-
ing technique from [39], which contained only one arbitrary harmonic function, in the present
method the final solution is defined up to two arbitrary harmonic functions. As an illustra-
tive example, we presented in some detail the derivation of the dilatonic Reissner-Nordstro¨m
solution in five dimensions. Then, using the four dimensional double-Reissner-Nordstro¨m
solution in the parameterization given by Manko in [48], [49], we were be able to generate
the general dilatonic charged double-black hole solutions in five dimensions. In particular,
we discussed the case of two spherical black holes and the proper dilatonic generalization
of the charged Black Saturn solution. We investigated the effect of the dilaton field in the
balance of forces in between the black holes. So far our numerical investigations failed to find
reasonable values of the parameters for which the regularity conditions are satisfied and the
conical singularities are eliminated. However, physically, the presence of these unavoidable
conical singularities is to be expected since our solutions are static and, therefore, the conical
singularities signal the presence of some other forces needed to balance the gravitational and
electromagnetic forces in between the black holes. Finally, we discussed some of the prop-
erties of the new solutions: we computed the conserved charges and the physical quantities
on the horizon and we verified that the Smarr relation is satisfied, as expected.
As avenues for further work, an interesting extension of the present work will be in the
context of black holes in backgrounds with Kaluza-Klein asymptotics. Work on these matters
is in progress and it will be presented elsewhere.
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